An integrable system of two-component nonlinear Ablowitz-Ladik (AL) equations is used to construct complex rogue-wave (RW) solutions in an explicit form. First, the modulational instability of continuous waves is studied in the system. Then, new higher-order discrete two-component RW solutions of the system are found by means of a newly derived discrete version of a generalized Darboux transformation. Finally, perturbed evolution of these RW states is explored in terms of systematic simulations, which demonstrates that tightly and loosely bound RWs are, respectively, nearly stable and strongly unstable solutions.
RWs can be produced as complex solutions of various nonlinear wave equations -first of all, the nonlinear Schrödinger (NLS) equation with the self-focusing cubic nonlinearity.
In the framework of the integrable NLS equation, RW solutions can be generated from trivial ones by means of the Darboux transform (DT). Generally, a majority of theoretical studies of the RWs addressed models based on continuous partial differential equations, except for a few results which produced discrete RWs in integrable discrete systems, including the Ablowitz-Ladik (AL) equation (an integrable discretization of the NLS equation) and discrete Hirota equation. A natural possibility is to extend the search for RW states to coupled (first of all, two-component) systems of nonlinear wave equations. The present work aims to construct complex (higher-order) discrete RW solutions in an integrable system of two AL equations with self-attractive nonlinear terms. For this purpose, we derive a newly generalized DT method for the system, and then use it to generate higher-order discrete RW states. Then, perturbed evolution of these RWs is investigated, in a systematic form, by means of numerical simulations. It is concluded that the RW states with a tightly bound structure are quasi-stable, while their loosely bound counterparts are subject to a strong instability. * zyyan@mmrc.iss.ac.cn
I. INTRODUCTION
Cubic nonlinear Schrödinger (NLS) equations model a great variety of phenomena in many fields of nonlinear science, including nonlinear optics, water waves, plasma physics, superconductivity, Bose-Einstein condensates (BECs), and even financial dynamics [1] - [13] . A class of unstable but physically meaningful solutions of the cubic NLS equation represents rogue waves (RWs), which spontaneously emerge due to the modulational instability (MI) of continuous-wave (CW) states and then disappear [4, 5] . Recently, some new RW structures generated by the self-focusing NLS equation and some of its extensions were found, see, e.g., Refs. [13] - [27] . Most of these works studied continuous models, except for a few works which addressed the single-component Ablowitz-Ladik (AL) equation [28] and discrete Hirota equation, using the modified bilinear method [29] [30] [31] and the generalized discrete Darboux transformation [32] . Being a fundamentally important mathematical model, the AL equation does not find many physical realizations, but it can be implemented, in principle, as a model of arrayed optical waveguides [33] , and as a mean-field limit of generalized Bose-Hubbard model for BECs trapped in a deep optical-lattice potential [34] .
There also exist interesting coupled discrete nonlinear wave systems -in particular, coupled AL equations:
2 )(S n * + S n−1 * ),
where n denotes the discrete spatial variable, and t stands for time, R n ≡ R n (t) and S n ≡ S n (t) are the lattice dynamical variables, {R n,t , S n,t } ≡ d {R n , S n } /dt, and the asterisk stands for the complex conjugate, while σ = +1 and −1 correspond, respectively, to the self-focusing and defocusing signs of the nonlinearity. System (1) is an integrable system, which represents a special two-field reduction of the four-field AL equation introduced and solved by means of the inverse-scattering transform in Ref. [28] (a more general nonintegrable form of coupled AL equations was introduced in Ref. [35] ). N -soliton solutions of Eq. (1), obtained in terms of determinants, and the derivation of infinitely many conservation laws for this system in the defocusing case, with σ = −1, by means of the N -fold Darboux transform (DT), were reported in Ref. [36] . More recently, discrete vector (two-component)
RW solutions of the coupled AL equations,
were produced too, using a special transformation [37] .
To the best of our knowledge, higher-order discrete RW solutions of system (1) have not been investigated before. A new generalized (n, N − n)-fold DT technique, generating higher-order RWs, was developed for some continuous nonlinear wave equations [21, 22] , but it is still an issue how to apply a similar technique to discrete nonlinear equations. The present paper addresses this issue for discrete coupled equations (1) . The key feature of such a technique is the fact that the Lax pair associated with the integrable nonlinear differential-difference equations is covariant under the gauge transformation [36, 38] .
The rest of the paper is arranged as follows. In Sec. II, we investigate the MI in the framework of Eq. (1), starting with its CW solution. In Sec. III, based on its Lax pair, a new N -fold DT for Eq. (1) is constructed, which can be used to derive N -soliton solutions from the zero seed solution, and N -breather solutions from the CW seed solutions of Eq. (1). Then we present a novel idea, allowing one to derive discrete versions of the generalized (1, N − 1)-fold (using one spectral parameter) and (M, N − M )-fold (using M < N spectral parameters) DTs for Eq. (1), by means of the Taylor expansion and a limit procedure related to the N -fold Darboux matrix. In Sec.
IV, the generalized (1, N − 1)-fold D is used to find discrete higher-order vector RW solutions of Eq. (1) . We also analyze RW structures and their dynamical behavior by means of numerical simulations. The paper is concluded by Sec. V.
II. MODULATIONAL INSTABILITY OF CONTINUOUS WAVES
The simplest solution of system (1) with σ = 1 (the self-focusing nonlinearity) is the CW state:
with the real amplitude c = 0. Investigation of the MI of this state is the first step towards the construction of the RW modes, as they are actually produced by the instability of the CW background [4, 5] .
We begin the analysis of the MI, taking the perturbed form of the CW as
where ε is an infinitesimal amplitude of the perturbation. The substitution of wave form (4) into system (1) yields a linearized system, r n,t + 2i r n + c 2 r * n + i c 2 + 1 (s n + s n−1 ) = 0,
To analyze the MI on the basis of the complex linearized equation (5), each component of the perturbation may be split into real and imaginary parts: r n (t) ≡ r 1n (t)+ ir 2n (t), s n (t) ≡ s 1n (t)+ is 2n (t), which transform the system of two complex equations (5) into a system of four real equations:
Solutions to these real equations may be sought for in a formally complex form,
2n , s
1n , s
2n e gt+ikn ,
where g is the MI gain (generally, this eigenvalue may be complex), and k an arbitrary real wavenumber of the small perturbation, while r
1n , r
2n are constant amplitudes of the perturbation eigenmode. The substitution of this ansatz in Eq. (7) into system (6) produces an MI dispersion equation in the form of the determinant,
which leads to an explicit dispersion relation: Therefore, the MI occurs when expression (9) is positive, the branch with sign + being always dominant. In particular, it is easy to check that the MI condition g 2 > 0 holds for all k, provided that the CW amplitude is large enough, viz., c 2 > 1. To illustrate this property, Fig. 1 displays the positive root g(k) for c = 2, 3, and 5.
Furthermore, at point
(note that it obeys constraint |cos k| < 1), Eq. (9) yields g The Lax pair of system (1) is written in the known form [36] :
where λ is a constant iso-spectral parameter, E is the shift operator defined by Ef n = f n+1 , E −1 f n = f n−1 , and
T (with T denoting the transpose of the vector or matrix) is an eigenfunction vector.
It is easy to verify that the compatibility condition, U n,t + U n V n − V n+1 U n = 0, of Eqs. (11) and (12) is precisely tantamount to system (1) .
In what follows, we construct a new N -fold DT for system (1), which is different from one reported in Ref. [36] .
For this purpose, we introduce the following gauge transformation:
where T n is an 2 × 2 Darboux matrix to be determined, ϕ n is required to satisfy Eqs. (11) and (12) with U n and V n replaced, respectively, by U n and V n , i.e.,
with U n = U n | Rn→ Rn, Sn→ Sn and V n = V n | Rn→ Rn, Sn→ Sn . It follows from Eq. (13) and (14) that one has constraints
which lead to the DT of system (1).
The Darboux matrix T n , which determines the gauge transformation (13) is a key element in constructing the DT of Eq. (1). We consider the matrix in the form of
where N is a non-negative integer, and a
n (j = 0, 1, 2, ..., N − 1) are functions of n and t determined by the following linear algebraic system:
where
T is a basic solution of Eqs. (11) and (12) .
be chosen so that the determinant of the coefficients for system (17) is different from zero, hence, a
n and b
n are uniquely determined by Eq. (17) . It follows from Eqs. (15) and (17) that we have the following theorem:
T be N distinct column-vector solutions of the problem for spectral parameters λ j (j = 1, 2, .., N ), based on Eqs. (11) and (12) , and R 0 (n, t), S 0 (n, t) is a seed solution of system (1); then, the new N -fold DT for system (1) is given by
with a
where ∆a
n and ∆b
replacing its N -th, (2N )-th and (N + 1)-th columns by the column vector
T , while ∆a n , replacing n by n + 1. The proof of this theorem can be performed following the lines of Refs. [36, 38] , and this N -fold DT includes the known DT [36] . The N -fold DT with the zero seed solutions, R 0 = S 0 = 0 (or the CW, alias plane wave, solutions), can be used to construct multi-soliton solutions (or multi-breather solutions) of Eq. (1). This is not the main objective of the present work. Actually, our aim is to extend the N -fold DT into a generalized (M, N − M )-fold DT such that multi-RW solutions can be found in terms of the determinants defined above for solutions of Eq. (1).
Here we consider the Darboux matrix (16) with a single spectral parameter, λ = λ 1 , rather than N > 1 distinct parameters λ k . Then, the respective equation (17),
gives rise to two algebraic equations for 2N functions a n . To generate such extra equations from Eq. (19), we consider the Taylor expansion of
and demand that all coefficients in front of ε s (s = 0, 1, 2, ..., N − 1) are equal to zero, which yields
The first sub-system in system (21) n (j = 0, 1, ..., N − 1). When eigenvalue λ 1 is suitably chosen, so that the determinant of coefficients of system (21) does not vanish, the Darboux matrix T n given by Eq. (16) is uniquely determined by the new system (21) (cf. the previous condition given by Eq. (17)).
The proof of Theorem 1 only uses Eqs. (13), (15) , and (16), but not Eq. (17) [38] , therefore, if we replace system (17) by (21) , which are used to determine a n determined by system (21), cf. Ref. [38] . Thus, when a n determined by system (21) , as a generalized (1, N − 1)-fold DT, which leads to the following theorem for system (1).
T be a column vector-solution of the problem for spectral parameter λ 1 , based on Eqs. (11) and (12) , and R 0 (n, t), S 0 (n, t) is a seed solution of system (1); then, the generalized (1, N − 1)-fold DT for Eq. (1) is given by
with ∆a
Here, ∆a n , replacing n with n + 1. Notice that, in the symbol of the generalized (1, N − 1)-fold DT, integer 1 refers to the number of the spectral parameters, and N − 1 indicates the order of the highest derivative of the Darboux matrix T in system (21) (or the order of the highest derivative of the vector eigenfunction ϕ in system (21)).
The generalized (1, N − 1)-fold DT, which we have constructed using the single spectral parameter, λ = λ 1 , and the highest-order derivatives of T n (λ 
with i = 1, 2, ..., M and k i = 0, 1, ..., m i , that we obtain a linear algebraic system with the 2N equations
in which some equations for index i, i.e., T 
.., M ) are given by the following expressions:
n and ∆b 
Notice that when M = 1 and m 1 = N − 1, Theorem 3 reduces to Theorem 2, and when M = N and m i = 0, 1 ≤ i ≤ N , Theorem 3 reduces to Theorem 1. When M = 1 and M = N , the procedure makes it possible to derive new DTs, which we do not explicitly discuss here. Below, we use the generalized (1, N − 1)-fold Darboux transformation to construct multi-RW solutions of Eq. (1) from the seed CW states.
IV. HIGHER-ORDER VECTOR ROGUE-WAVE SOLUTIONS AND DYNAMICAL BEHAVIOR
In what follows we produce multi-RW solutions in terms of the determinants introduced above for Eq. (1) with σ = 1 (the self-focusing nonlinearity) by means of the generalized (1, N − 1)-fold DT. Equation (1) is similar to the NLS equation, which gives rise to RWs in the case of σ = 1 (and it does not generate such solutions in the case of the self-defocusing, with σ = −1). We here take, as the seed, CW solution (3) of Eq. (1) with σ = 1. The substitution of this into the Lax-pair equations (11) and (12) yields the following solution:
where C 1 is an arbitrary constant, e k , d k (k = 1, 2, ..., N ) are free real coefficients, and ε is an artificially introduced small parameter. Next, we fix the spectral parameter in Eq. (28) as λ = λ 1 + ε 2 with λ 1 = 2c 2 + 1 + 2 c 2 (c 2 + 1), and expand vector function ϕ in Eq. (28) into the Taylor series around ε = 0, explicitly calculating the two first coefficients of the expansion. In particular, choosing C 1 = 1, c = 3 4 , which yields λ 1 = 4, we obtain
where √ 1344 + 6075t 2 ).
FIG. 3. (color online). (a) The first-order rogue wave solution S2(n, t) given by Eq. (31) with one peak and two depression points. (b) The motion of the peak and depression centers as per Eqs. (36) and (37).
Other panels display the evolution of the absolute value of the field at (c) the quiescent peak (n = − ) and (d) the moving depression points (n = − 3) ) T are listed in Appendix A, and n denotes the discrete spatial variable.
It follows from Eqs. (13), (18) , and (29) that we can derive new exact RW solutions of Eq. (1) as follows:
where N denotes the number of iterations of the generalized perturbation Darboux transformation. While the solution with N = 1 reduces to the CW seed, nontrivial solutions (30) of Eq. (1) are analyzed below for N = 2, 3, 4.
A. First-order vector rogue waves
The structure of the first-order RW solutions-. When N = 2, according to Theorem 2, we obtain the first-order vector RW solution of Eq. (1) 
which has no singularities. To understand the structure of this RW solution, one can formally treat the discrete spatial variable n as a continuous one, and first look at the intensities: 
As follows from here, | R 2 (n, t)| 2 has three critical points: (n 1 , t 1 ) = (− , 0). The first point, (n 1 , t 1 ), is a maximum (peak), at which | R 2,max (n, t)| = 63 16 . The two other critical points (n 2,3 , t 2,3 ) are minima (depressions), at which the amplitude vanishes. Further, the (modulationally unstable) background value is given by | R 2 (n, t)| −→ | R 2,∞ (n, t)| = 3 4 at |n|, t −→ ∞. Thus, we find a relation between the peak and background values: | R 2,max (n, t)| = 21 4 | R 2,∞ (n, t)| (see Fig. 2(a) ). Moreover, we have the conservation law
16 )dn = 0, which follows from the fact that the RW is actually formed from the flat background.
Next, intensity | S 2 (n, t)| 2 has three critical points: (n 1 , t 1 ) = (− , 0), the first again being a maximum point (peak), with the corresponding maximum amplitude | S 2,max (n, t)| = 63 16 . Two other critical points, (n 2,3 , t 2,3 ), are minima (depressions), with zero amplitude. In this component, the background value is | S 2 (n, t)| −→ | S 2,∞ (n, t)| = 3 4 at |n|, t −→ ∞. Therefore, we have, as in the R 2 component, | S 2,max (n, t)| = 21 4 | S 2,∞ (n, t)| (see Fig. 3(a) ), and the respective conservation law,
For intensity | R 2 (n, t)| 2 given by Eq. (32), the trajectory of the peak's centers is produced by the dependence of its spatial coordinate, T rh , on t. It follows from the expression for | R 2 (n, t)| 2 that this coordinate actually stays constant,
while the coordinates, T rc± , of centers of the two depressions are given by
The comparison of Eqs. (33) and (34) produces the RW width, which is defined as the distance between the two depressions: For intensity | S 2 (n, t)| 2 given by Eq. (32), the trajectory of the peak's centers is determined by the dependence of its spatial coordinate, T sh , on t. It follows from the expression for | S 2 (n, t)| 2 that
and the spatial coordinates, T sc± , of centers of the two depressions are given by
leading to the RW width, which is again defined as the spatial distance between two depressions: √ 6075t 2 + 1344, as given by Eq. (37)).
In addition, it is relevant to note that the amplitude c of the CW background can control the first-order RW solution (30) • For c = 5 12 (i.e., λ = 9 4 ), R 2 (n, t) peaks around the point (n 1 , t 1 ) = (− 9 10 , 0), and the background value is determined by | R 2 (n, • When c = 1 (i.e., λ = 3 + 2 √ 2), R 2 (n, t) peaks around the point (n 1 , t 1 ) = (− 1+ √ 2 4 , 0), and the background corresponds to | R 2 (n, t)| −→ | R 2,∞ (n, t)| = 1 at n, t −→ ∞. The maximum value | R 2,max (n, t)| of | R 2 (n, t)| is 7 at (n 1 , t 1 ) = (−
1+
√ 2 4 , 0), and the minimum is zero at (n 2,3 , t 2,3 ) = (−
, 0), see Figs. 4(b1-b2);
• For c = 4 3 (i.e., λ = 9), R 2 (n, t) peaks around the point (n 1 , t 1 ) = (− 9 16 , 0), with the background corresponding to | R 2 (n, From the above analysis, we conclude that the increase of spectral parameter λ corresponds to the increase of c, and the amplitude of the first-order RW grows too with the increase of c. The central position and peak of the first-order RW move to the right along line t = 0. A similarly picture is produced by the consideration of the other component.
Dynamical behavior -. To further study the wave propagation in the framework of the above discrete RW solutions, we here compare the exact solutions and their perturbed counterparts, produced by numerical simulations of Eq. (1) with the initial conditions given by these solutions with small perturbations. (i.e., λ = 25).
FIG. 6. (color online)
. First-order RW solutions (32) . The exact solution (left); the evolution generated by simulations using exact solutions (32) as an initial conditions (middle); and the evolution generated by adding random noise with amplitude 0.02 to the initial conditions (right). Figure 6 exhibits the exact first-order RW solution, R 2 (n, t) and S 2 (n, t), as given by Eq. (32) , and the one perturbed by small noise with amplitude 0.02. Figures 4(a1) - (a2) and (b1)- (b2) show that the time evolution of the RW without the addition of the perturbation is very close to the corresponding exact RW solution (32) in a short time interval, t ∈ (−2.5, 2.5). However, if the small random noise is added to the initial condition (i.e., the RW solution (32) taken at t = −2.5), then the evolution exhibits weak perturbations at t < 2.5, and conspicuous perturbations later, see Figs. 6(c1-c2).
B. Second-order vector rogue waves
The structure of the second-order RWs-. Theorem 2 with N = 3 produces the second-order vector RW solution of Eq. (1) , and the local maxima grow, while the minimum values decrease, which is an effect of the strong interaction between the first-order RWs. We do not report here the dependence of the angular velocity of the rotation on the system's parameters, as this analysis requires extremely heavy simulations.
Dynamical behavior -. Next, we study the dynamical behavior of the second-order RWs, R 3 (n, t) and S 3 (n, t), given by Eq. 
An explicit analytical expression for this solution is not written here, as it is very cumbersome. Variation of control parameters e 1 , e 2 , d 1 , d 2 casts the third-order RW into different forms. • At e 1,2 = d 1,2 = 0, the third-order exists in the regime of strong interaction, with the corresponding density graphs displayed in Figs. 11(a1)-(a2) and 12(a1)-(a2).
• At e 1 = 10, d 1,2 = e 2 = 0, the weak interaction allows splitting of the third-order RW into six first-order RWs, which form a triangular pattern, see Figs. 11(b1)-(b2) and 12(b1)-(b2).
• At e 2 = 100, d 1,2 = e 2 = 0, the weak interaction in the third-order RW also leads to splitting into six first-order RWs, which form a rotating pentagon pattern with a first-order RW located near the center, see Figs. 11(c1)-(c2) and 12(c1)-(c2).
• Dynamical behavior -. We proceed to simulations of the evolution of the third-order RW solutions R 4 (n, t) and S 4 (n, t) given by Eq. (40). We again consider regimes of the strong and weak interaction, for which Figs. 13-15(a1) and (a2), respectively, show that the unperturbed evolution agrees with the corresponding exact solutions (40) in a short time interval. At t > 0, the solution corresponding to the weak interaction (Figs. 11(b1,c1) and Figs. 12(b1,c1) ) exhibits growing perturbations even in the absence of the initially added random noise, which indicates instability (see Figs. 13-15(b1) and (b2) ). This may be explained, as above, by the fact that to the energy is spread in a larger domain, in comparison with ones in Fig. 11(a1) and Fig. 12(a1) . If weak random noise, with amplitude 0.01, is added to the initial conditions, see Figs. 11 and 12(a1,b1,c1) , then the evolution of the third-order RW solution in the weak-interaction regime exhibits strong instability, while the perturbation growth is much slower in the strong-interaction regime, see Fig. 11(a1) and Fig. 12(a1) . Once again, these results may be explained by the concentration of the energy around the origin in the (n, t) plane under the action of the strong interaction, see Figs. 13-15(a1) , and by the spread of the energy around several points in the case of the weak interaction, see Figs. 13-15(b1,c1) . Similarly, Theorem 2 with N > 4 produces the higher-order RW solution of Eq. (1), which can also generate the abundant discrete wave structures.
V. CONCLUSION
The subject of this work is the construction of families of higher-order discrete RW (rogue-wave) states, which can be found in the integrable system of coupled AL (Ablowitz-Ladik) equations. These equations may serve as models for the dynamics of BEC trapped in a deep optical lattice. In the work, we have presented a novel method for constructing generalized (M, N − M )-fold Darboux transforms (DTs) of the coupled AL system, which is based on the fractional form of the respective determinants. Then, we apply the generalized (1, N − 1)-fold DTs to produce higher-order RW solutions. They display a variety of patterns, including the rotating triangles and pentagons, as well as quadrangle structures, which represent multi-RWs in the system, and suggest shapes which such higher-order RW may assume in other physically relevant models. The evolutions of the multi-RW solutions was studied by means of systematic simulations, which demonstrate that the tightly and loosely bound solutions are, respectively, nearly stable and strongly unstable ones.
As an extension of this work, it may be interesting to look for similar complex RW modes, by means of numerical methods, in more generic nonintegrable discrete systems.
